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General Notation and Definitions

o N:={1,2,3,...}.

e Np:={0}UN=1{0,1,2,...}, which we will treat as a monoid with the operation
of addition.

o Speaking of which, a monoid is a pair (M, +) which satisfies the following axioms:
> a+(b+c)=(a+ b)+cforall a,b,c € M (associativity).

> a+ b= b+ aforall a,b € M (commutativity).
> There exists an element 0 € M such that a+ 0 =0+ a = a for all a € M (identity).
e Given a monoid (M, +), a submonoid of (M, +) is a monoid (M’, +) where M’ is a
subset of M that contains the identity of M, and M’ is closed under the operation
“+" as inherited from M.

Note: From now on, we will simply represent the monoid (M, +) by M.

e For a monoid M, we will use U/(M) to denote the set of invertible elements (or
units) of M.

Note: All monoids in this talk will be written additively.
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General Notation and Definitions cont.

Recall:

@ In a monoid M, an element a € M is considered an atom if a ¢ U(M) and
b+ ¢ = a implies that either b € U(M) or c € U(M).

@ An element a € M is said to be atomic if it is either invertible or can be written as
a finite sum of atoms. Such a decomposition is called a factorization.

@ The monoid M itself is called atomic if every element of M is atomic.

o Furthermore, if M is atomic and every non-invertible element of M has a unique
factorization into atoms (up to reordering and multiplication by units), then M is
called a unique factorization monoid, or UFM.

Note: We will use A(M) to denote the set of atoms of M.

Here are some simple examples:

@ The monoid M = Ny under addition has /(M) = {0} and A(M) = {1}. It is easy
to check that M is atomic and that M is a UFM.

@ The monoid M = Ng \ {1} is also a monoid under addition, but here, U(M) = {0}
and A(M) = {2,3}. M is atomic but not a UFM, since 6 =34+3=2+2+2.
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Introducing Power Monoids

For the following definitions, let M be any monoid.

o We will write Psin(M) and Psin, « (M) to denote the power monoid and restricted
power monoid of M, respectively.

@ The elements of Pgn(M) are all nonempty finite subsets of M.

@ The monoid operation on elements of Psin(M) is referred to as the Minkowski sum
(written +) and is defined as follows:

A+B={a+blacAbe B}

@ Piin,x (M) is the submonoid of Psn(M) consisting only of the nonempty finite
subsets of M which contain at least one invertible element of M.

> In the special case where M is a reduced monoid (a monoid in which the only

invertible element is the identity), the elements of P, » (M) are exactly all finite
subsets of M containing the identity of M.
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Today's Main Course: P, o(No)

Note: We will write Psin,0(No) instead of Prin,x (No) to denote the restricted power
monoid of Np.

Examples of elements in Piin,0(No) include the following sets:

{0},{0,2},{0,1,3},{0,2, 4}, {0, 1000, 1001, 2000, 2001}.

To illustrate the Minkowski sum in a concrete example, we see that

{0,1,3t +{0,2} = {0,1,2,3,5}.

We can make the following observations:

@ Since the only invertible element of Ny is the identity, 0, the monoid P¥in,0(No)
contains all finite sets of nonnegative integers including O.

e {0} is the identity of Pfno(No).

o Furthermore, it is easy to show that there are no invertible elements other than the
identity, so U(Psin,0(No)) = {{0}}.

@ It is also not too difficult to show that Psin0(No) is an atomic monoid.
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Some More Structural Observations

@ One strange property (or non-property) of Psin,0(No) is that it is not cancellative: in
other words, A+ C = B 4+ C does NOT imply A= B.

o For example, {0,2} +{0,1} = {0,1,2,3} = {0,1,2} + {0, 1}.
Corollary: Pino(No) is not a UFM.

@ By the previous example, we have {0,2} + {0,1} as one factorization of {0,1,2,3}
and {0,1} 4+ {0,1} + {0, 1} as another distinct factorization (we will prove later
that {0,2} and {0, 1} are in fact both atoms).

@ One might expect the atoms of Psin0(No) to follow some simple pattern, but they
have so far eluded any succinct description. Here are all of the atoms of Pfin,0(No)
with maximum element at most 4:

{0,1},{0,2},{0, 3},{0,4},{0,1,3},{0, 2,3},
{0,1,4},{0,3,4},{0,1,2,4},{0,2,3,4}.
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A Basic Class of Atoms in P, o(No)

While it can be difficult to determine if an arbitrary set in Psn0(No) is an atom or not,
we can find a number of infinite classes of atoms.

Proposition (easy to prove)

For any positive integer m > 1, the set {0, m} is an atom in Pfin,0(No).

Proof:
@ Suppose B+ C = {0, m} for some B, C # {0}.
@ Then, there exist positive integers b € B\ {0} and c € C\ {0}.

@ However, we see that 0+ 0, b+ 0, and b + ¢ are all distinct numbers that are
contained in B + C.

@ Therefore,

B+ C| >3, but |B+ C| = |{0, m}| = 2, so this is a contradiction. [

The idea of considering distinct numbers that are contained in a Minkowski sum gives us
a much more general result that is useful to remember.

Theorem (easy to show)

If A, B € Pfino(No) are any sets, then |A+ B| > |A| + |B| — 1.
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Counting Atoms

In Prin,0(No), we are motivated to find a way to count the number of atoms with certain
properties. This turns our focus a little bit from algebra to combinatorics, which we can
apply to get some interesting results.

Most of the rest of this presentation will be concerned with the following definitions:
Snk = {S € Piino(No) | max S < n and |S| = k}.
Ank:={A€ S,k | Ais an atom.}.

Ok 1= ‘An,k

e We claim that |S, x| = (,”,), and that the set is nonempty when 1 < k < n+ 1.

@ This is because to obtain an arbitrary element in S, «, we must select k — 1 positive
integers from 1 to n and then append 0.

It's worth noting here that although we don’t necessarily expect a simple closed form
expression for a, «, we can still ask and surprisingly answer some questions about the
sequence «, kx as a whole.
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The Two Dimensional Sequence o, x

n=0: 0

n=1 0 1

n=2 0 2 0

n=3 0 3 2 0

n=4 0 4 4 2 0

n=>5 0 5 8 6 0 0
n=6: 0 6 12 14 6 0 0

Table: First few rows of a, «

@ When we write the numbers «, « in a Pascal’s triangle-like arrangement, we
immediately see some similarities and differences between the two sequences.

o Since we know that |S, x| = (,”,) and Ank C Snx, it's clear that an i < ("), so
all entries in this triangle are at most equal to the corresponding entry in Pascal's
triangle.
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Down-+Right Diagonals

@ In Pascal's triangle, the diagonals going down and to the right and the diagonals
going down and to the left are the same (the table is centrally symmetric).

o But for the sequence a, «, we'll see that the behavior of the two types of diagonals
could not be more different.

@ One of the first results of this year’s CrowdMath project was the following theorem
about the diagonals going down and right:

Theorem (CrowdMath 2023)

For any k € {—1} U Ny, there exists a positive integer N such that for all n > N,
On,n—k = 0 holds.

o Intuitively, this result says that if we “remove” a fixed number, k + 1, elements
from the set {0,1,2,..., n}, then if we choose n large enough, no matter which
elements are removed, the left over set will never be an atom (i.e. it will have
enough structure that it can be decomposed as a nontrivial Minkowski sum).
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The Example of k = 0

Let's see an actual example of this theorem in action, where we consider the numbers
an,n (k=0 in the theorem statement).

Proposition (easy to prove)
ann =0 ifand only ifn=1orn>5.

Proof:
@ It's easy to check that a1,1 =0 and anp = a3z 3 = qu g = 2.
e For example, au s = 2 because the two sets {0, 1,2,4} and {0,2,3,4} are atoms.

o Now, suppose n > 5, and consider S, , as consisting of all sets of the form
{0,1,2,...,n}\{i} for 1 <i < n.

» Casel: i=n. {0,1,2,...,n—1} ={0,1} + {0,1,...,n — 2}, so this is not an

atom.

» Case 2: 1 < i< n—1. Here, we see that
{0,1,...,i—1,i+1,...,n}={0,1}+{0,1,...,i—2,i+1,...,n—1}.

» Case 3: i=1ori=n—1. We'll see the decomposition for i = 1 here:
{0,2,3,...,n} ={0,2} + {0,2,3,...,n— 2}, which is where we use the
requirement that n > 5.
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Down-Left Diagonals

Question |

The previous theorem concerned the numbers o, n—« for fixed k. What can we say about
the numbers «, « for fixed k?

)
@ Interestingly, in the case of “sparse” sets (where n is significantly greater than k),
nearly every set is an atom.
o Specifically, we have this result:
Theorem (CrowdMath 2023)
For any k € N>», the following limit holds:
lim —mk g,
n—00 k71)
y

@ The proof of this theorem makes heavy use of the inequality stated before that
|A+ B| > |A| + |B| — 1, which allows us to get a strong upper bound on the
number of non-atoms in S, «.

@ Then, we can show that the proportion of non-atoms in S, « goes to zero, so the
proportion of atoms must approach 1 as n goes to oc.
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Open Questions Page 1

@ The study of the numbers a « is relatively new, and thus there are many
interesting questions we can propose seeing the results we've talked about today.

@ For example, we can ask some direct follow-up quantitative questions to the
“diagonal” observations, such as the following:
Question

We know that for all k € {—1} U Ny, there exists an N such that for all n > N,
an,n—k = 0. For a given k, what is the smallest such N for which this holds?

@ Our proof of the first result gives a particular N for which the statement holds,

which is 2(%1)*(”1)*2, but we expect that smaller values of N should be achievable.

Question

We know that for all k > 2 € N, lim,_ o {"ﬁ = 1. Could we prove a stronger
k—1

_nik_

statement like 1 — F(n) < ( n’k) < 1 for all n, for some natural function F satisfying
k

limp— o F(n) =07
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Open Questions Page 2

@ Leaving the diagonal behavior behind, we can also ask questions about the center
of the triangle, such as the following:

Question

Recall that 0 < aopni1 < (2n"). To which side does this lean, and can we describe in any
reasonably interesting way the behavior of aon nt1 as n goes to infinity?

o Similarly, we may wonder about the behavior of entire rows of the triangle.

o Define A, := Z:i Ank and a, = |An| = ZZZ} ank for any n.
Recall: [Syk| = (,";). s0 S35y (Sl = () + () +---+ () =2".
Conjecture (Gotti 2023)

Q.
lim — exists and equals 1.
n— oo 2"
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Open Questions Page 3

@ This year's CrowdMath project was largely motivated by one open problem, which
we will look at now. It was actually work towards this result that led to the
theorems we discussed previously.

o In general, we say that a sequence ai, ay, .. ., a, of real numbers is unimodal if
there exists 1 <t < nsuchthata; <a <:---<arand ar > ary1 > - > an.

o For example, the sequence 1,2,3,4,4 is unimodal, but the sequence 1,2,3,2 5 is
not.

@ Also, many famous sequences in combinatorics and elsewhere in mathematics are
unimodal, including the rows of Pascal’s triangle (each row is unimodal).

Question

Is it true that for any n, the following sequence is unimodal?

Qn1y,®¥n2y. .., 0nntl.
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Definitions of Atomic-Related Properties

Recall: A monoid is atomic if every element of the monoid is atomic, which means it is
either invertible or has a factorization into atoms.

Now, we will define a few related terms that we will need.

@ A Puiseux monoid is any submonoid of @0, the monoid consisting of nonnegative
rational numbers under addition.

o Given a nonempty subset N of a monoid M, we say that d is a maximal common
divisor of N if the following conditions hold:

> d|nforallne N (disacommon divisor of N).

> For all ¢ € M that are common divisors of N, d | ¢ only if ¢ = d + u for some unit
uecU(M).

@ We call a monoid M an MCD monoid if every nonempty subset N C M has a
maximal common divisor (MCD).

@ A monoid M is called almost atomic if for every non-invertible element b € M,
there exists an atomic element ¢ € M such that b + ¢ has at least one factorization
into atoms.

@ Similarly, a monoid M is called nearly atomic if there exists an element ¢ € M such
that for every non-invertible element b € M, b+ ¢ has at least one factorization
into atoms.
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Ascending Properties

Theorem (CrowdMath 2023)

Suppose M is an atomic Puiseux monoid. Then, if M is also an MCD monoid, Pfin(M) is
atomic.

Note: Participants in CrowdMath 2023 also managed to construct an atomic Puiseux
monoid that is NOT an MCD monoid, so atomicity may not always ascend to the power
monoid.

Question (CrowdMath 2023)

Let M be a Puiseux monoid.
(a) Is Psin(M) nearly atomic when M is nearly atomic?
(b) Is Psin(M) almost atomic when M is almost atomic?
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End of Presentation

Thanks for listening!
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